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Abelian varieties over finite fields in the LMFDB

https://www.lmfdb.org/Variety/Abelian/Fq/3/25/aj_cm_aom


The Galois group

Given A of dimension g over Fq, the Frobenius polynomial PA(T )
is the characteristic polynomial of the q-Frobenius endomorphism,
acting on the Tate module TℓA, for some prime ℓ ∤ q.

• PA(T ) ∈ Z[T ] has degree 2g .

• The Frobenius eigenvalues come in complex conjugate pairs
α1, α1, . . . , αg , αg ∈ Q and satisfy |α|2 = α · α = q.

The Galois group Gal(A) is the Galois group of the splitting field
of PA(T ) over Q.



The Newton polygon

If p = charFq, let ν be the p-adic valuation of Q, normalized so
that ν(q) = 1. The Newton polygon of A is the ν-adic Newton
polygon of PA(T ).



The Frobenius angle rank

Normalize the Frobenius eigenvalues uj := αj/
√
q, so that we only

remember their angles. The angle rank δA of PA(T ) is the rank of

the finitely generated abelian group ⟨u1, . . . , ug ⟩ ⊂ Q
×
.

δA keeps track of the number of multiplicative relations between
normalized Frobenius eigenvalues.



The Weyl group W2g

The group W2g is defined as the subgroup of the symmetries of
the set of symbols X2g :=

{
1, 1, . . . , g , ḡ

}
that preserve the

partition
{
1, 1

}
⊔ · · · ⊔ {g , ḡ}.

It is the centralizer in Sym(X2g ) ∼= S2g of the complex conjugation
element

ιg := (11) . . . (gḡ).

Figure: W4
∼= D4.

Figure: W6
∼= C3 ≀ S3



Understanding interactions between isogeny invariants

The Galois group, Newton polygon, and angle rank interact in
subtle ways.

• The angle rank is zero if and only if A is supersingular.

• If the Galois group is maximal and δA > 0, then δA = g is also
maximal. The converse is not true.

Ahmadi and Shparlinski [AS10, Section 5] conjectured that every
ordinary and geometrically simple Jacobian has maximal angle
rank.1

Dupuy, Kedlaya, Roe, and Vincent [Dup+21] later found
counterexamples to this conjecture, with the implementation of
AVs over finite fields in the LMFDB.

1True in genus g ≤ 3 by work of Zarhin [Zar15].



Question
Can we explain/classify the possible triples (NP, G, δ) that occur
for AVs over finite fields?



Our contribution

We explain and classify the possible triples (NP, G, δ) that occur
for AVs over finite fields, for all abelian surfaces and simple abelian
threefolds.

This builds on:

1. The classification of multiplicative relations between
Frobenius eigenvalues, achieved in [ABS24].

2. The work of [DKZ24] in the geometrically simple case.



Our approach

1. We define a weighted permutation representation (only group
theory).

• Every A has an associated WPR ρ : Gal(A) → W2g coming
from the action of the Galois group on the roots, weighting
each root according to its p-adic valuation.2

2. Using Magma, we compute all the admissible weighted
permutation representations.

3. We produce examples or prove that they do not occur.

• So far, it seems like the only obstruction comes from the
action of Gal(A) on the primes above p.

2A restatement of the Newton hyperplane representation of Dupuy, Kedlaya,
and Zureick-Brown [DKZ24].



Corollaries of our classification

Simple abelian surface over Fq

(B)(A) (C)

δA = 0δA = 2 δA = 1 δA = 2

C2 ≀ S2 C4 V4 C2

Figure: Possible isomorphism classes of Galois groups of simple abelian
surfaces in terms of their Newton polygon, and angle rank δA.



Corollaries of our classification

Nonsimple abelian surface E1 × E2 over Fq

(B)(A) (C)

δA = 1 δA = 0δA = 2 δA = 1

V4 C2 C1

Figure: Possible isomorphism classes of Galois groups of simple abelian
surfaces in terms of their Newton polygon, and angle rank δA.



Corollaries of our classification

Simple abelian threefold over Fq

(C)(B)(A) (D) (E)

δA = 3 δA = 1 δA = 3 δA = 2 δA = 3 δA = 3 δA = 1 δA = 0

C2 ≀ S3 C2 ≀ C3 D6 C6

Figure: Possible isomorphism classes of Galois groups of simple abelian
threefolds, in terms of their Newton polygon and angle rank δA.



Questions?



Table A.9



Shioda’s example

Let q = p = 19, and let A = Jac(C ), where C is the smooth
projective model over F19 of y2 = x9 − 1.

The curve C has genus g = 4 and therefore A is an abelian
fourfold.

By calculating #C (F19r ) for r = 1, 2, 3, 4, we are able to estimate
the zeta function of C to enough precision to recover the
Frobenius polynomial PA(T ).

PA(T ) = T 8 + 8T 7 + 28T 6 + 8T 5 − 170T 4

+ 152T 3 + 10108T 2 + 54872T + 130321.

This polynomial factors as PA(T ) = PE (T )PB(T ), where E is the
elliptic curve y2 = x3 − 1 in the isogeny class 1.19.i, and B is an
abelian threefold in the isogeny class 3.19.a j acm.

By the Honda–Tate theorem A ∼ E × B.

http://www.lmfdb.org/Variety/Abelian/Fq/1.19.i
http://www.lmfdb.org/Variety/Abelian/Fq/3.19.a_j_acm


Shioda’s example: multiplicative entanglement of the roots

Notice that a4 = −170 is not divisible by p = 19, so A is ordinary.

The splitting field of PA(T ) is LA = Q(ζ9), where ζ9 is a primitive
9th-root of unity.

Let RE = {η, 19/η} and RB = {α, β, γ, 19/α, 19/β, 19/γ} the sets
of roots of PE (T ) and PB(T ).

Recalling that A ∼ E × B, observe that LE = Q(
√
−3), which is

contained in LB = Q(ζ9). Note that Gal(LA/Q) is a permutation
group acting on the 8 element set RA = RE ⊔ RB .

But, as abstract groups, Gal(LA/Q) ∼= Gal(Q(ζ9)/Q) ∼= C6.

For an appropriate such labelling, we have

η =
α · β · γ

19
.



Shioda’s example: indexing the roots
An indexing of the roots RA is for example

α1 = α, α2 = β, α3 = η, α4 = γ.

If we ensure that ν(α) = ν(β) = ν(γ) = ν(η) = 0. The indexing
remembers the valuations (weights) of the roots.

With this indexing, the weighted permutation representation
ρ : Gal(LA/Q) → W8 has image H = ⟨h⟩, where h is the
permutation (12̄4̄1̄24)(33̄).

�

Warning. The image is unique up to conjugation by an
element of W2g that stabilizes “the slopes” of the Newton
polygon.

The multiplicative relation from before becomes3

α3 =
α1α2ᾱ4

19
=

α1α2

α4
.

3
One can find this multiplicative relation by considering the Newton hyperplane matrix of this weighted

permutation representation, and computing its kernel.
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